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Abstract
We investigate the holographic quantum entanglement of a visible universe in an in-
flationary cosmology. To do so, we consider an AdS space with a dS boundary which
represents an expanding space in time. In an inflationary cosmology, there exists a natu-
ral entangling surface called a cosmic event horizon which divides a universe into visible
and invisible parts. In this model, cosmic event horizon monotonically decreases and ap-
proaches a constant value proportional to the inverse of Hubble constant. We show that
the quantum entanglement between the visible and invisible universes divided by cosmic
event horizon decreases monotonically in time. After an infinite time evolution, it finally
approaches a constant value which is proportional to the inverse square of the Hubble
constant for a four-dimensional dS space.
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1 Introduction
Considerable attention has been paid to the quantum entanglement entropy which becomes
an important physical concept to figure out quantum features of a variety of physics areas.
Although the entanglement entropy is well defined in a quantum field theory (QFT) [1–4], it is
not easy to calculate it for an interacting QFT. In this situation, holography recently conjectured
in the string theory [5–8] which allows us to evaluate such a nontrivial entanglement entropy
nonperturbatively even for a strongly interacting theory [9–18]. We investigate the quantum
entanglement of an expanding system and of a inflationary cosmology by applying holography.
In order to calculate the entanglement entropy, one first divides a system into two subsys-
tems, A and B, and then the reduced density matrix of A is defined as the trace the total
density matrix over the other subsystem B. In this case, two subsystems are divided by an
entangling surface and an observer living in A cannot receive any information from B. This sit-
uation is very similar to the black hole [19,20]. An observer living at the asymptotic boundary
can never get any information from the inside of the black hole horizon. Because of such a sim-
ilarity, there were many attempts to understand the Bekenstein-Hawking entropy in terms of
the entanglement entropy [21–33]. Furthermore, the similarity between the black hole horizon
and the entangling surface has led to a new and fascinating holographic formula to calculate
the entanglement entropy on the dual gravity side. Although the holographic method has not
been proved yet, it was checked that the holographic formula perfectly reproduces the known
results of a two-dimensional conformal field theory (CFT) [34–40].
In a cosmological model described by a dS space [41, 42], there exists a specific surface
called a cosmic event horizon which is similar to the black hole horizon. An observer living
at the center of a dS space cannot see the outside of cosmic event horizon and cosmic event
horizon radiates similar to the black hole horizon. From the quantum entanglement point of
view, cosmic event horizon naturally divides a universe into two subsystems. One is a visible
universe which we can see in future and the other is called a invisible universe. In this case, the
invisible universe indicates that an observer living in a visible universe cannot see the outside
of cosmic event horizon even after infinite time evolution. In general, cosmic event horizon
remains as a constant in the late inflation era. The cosmic event horizon similar to the black
horizon provides a natural entangling surface dividing a universe into two parts. Although the
visible and invisible universes are casually disconnected from each other, quantum correlation
between them can still exist. Therefore, it would be interesting to investigate the quantum
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entanglement between the visible and invisible universes, which may give us new information
about the outside of our visible universe and the effect of the invisible universe on the cosmology
of the visible universe.
In order to investigate the quantum entanglement between two subsystems in the expanding
universe, we take into account an AdS space with a dS boundary space [43, 44]. The minimal
surface extended to such an AdS space corresponds to the entanglement entropy of an expanding
space defined at the boundary of the AdS space [41]. Before studying the entanglement entropy
of a visible universe, we first consider a system whose boundary expands in time unlike cosmic
event horizon. In this case, the entanglement entropy in the early time era increases by the
square of the cosmological time τ , whereas it in the late time era grows up exponentially by
e(d−2)Hτ for a d-dimensional QFT. If we take cosmic event horizon as an entangling surface, the
entanglement entropy shows a totally different behavior. The cosmic event horizon at τ = 0
is located at the equator of a (d − 1)-dimensional sphere and it monotonically decreases as
the cosmological time goes on. In the late inflation era, cosmic event horizon approaches a
constant value proportional to the inverse of Hubble constant. Similarly, the corresponding
entanglement entropy also monotonically decreases and approaches a constant value at τ =∞.
The rest of this paper is organized as follows: In Sec. 2, we briefly review an AdS space
with a dS boundary. On this background, we study the entanglement entropy of an expanding
system for d = 2, 3, 4 cases in Sec. 3. In Sec. 4, we introduce a cosmic event horizon and divide
a universe into visible and invisible universes. On this background, we study the quantum
correlation between the visible and invisible universes in the inflationary cosmology. Finally,
we finish this work with concluding remarks in Sec. 5.
2 AdS space with a dS boundary
Consider a (d + 1)-dimensional AdS space which can be embedded into a (d + 2)-dimensional
flat manifold with two time signatures. Denoting the (d+ 2)-dimensional flat metric as
ds2 = −dY 2−1 − dY 20 + δijdY idY j, (1)
where i and j run from 1 to d, the Lorentz group of this (d+ 2)-dimensional flat space is given
by SO(2, d). In order to obtain a (d + 1)-dimensional AdS metric, we impose the following
constraint
−R2 = −Y 2−1 − Y 20 + δijY iY j. (2)
Then, the hyper-surface satisfying this constraint represents a (d + 1)-dimensional AdS space
with an AdS radius R. Since the imposed constraint is also invariant under the SO(2, d)
transformation, the resulting AdS geometry becomes a (d + 1)-dimensional space invariant
under the SO(2, d) transformation which is nothing but the isometry group of the AdS space.
There exist a variety of parametrizations satisfying the above constraint. In this work, we focus
on the parametrization which allows a d-dimensional de Sitter (dS) space at the boundary. Now,
let us parametrize the coordinates of the ambient space as [41]
Y−1 = R cosh
ρ
R
, Y0 = R sinh
ρ
R
sinh
t
R
and Y i = Rni sinh
ρ
R
cosh
t
R
, (3)
where ni indicates a d-dimensional orthonormal vector satisfying δijn
inj = 1. The resulting
AdS metric then gives rise to
ds2 = dρ2 + sinh2
( ρ
R
)[
−dt2 +R2 cosh2
(
t
R
)(
dθ2 + sin2 θdΩ2d−2
)]
, (4)
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where dθ2 + sin2 θdΩ2d−2 indicates a metric of a (d − 1)-dimensional unit sphere. According
to the AdS/CFT correspondence, the boundary of this AdS space defined at ρ = ∞ can be
regarded as the space-time we live in. Above the boundary metric shows a dS space which can
describes an inflationary cosmology. In this work, after dividing the boundary space into two
subsystems, we investigate the quantum correlation between them.
In order to divide the boundary space into two subsystems, let us first assume that we are at
θ = 0, and that the two subsystem is bordered at θo. For convenience, we call the subsystem we
are in is an observable system and the other subsystem an unobservable system. In general, the
border is called the entangling surface in the entanglement entropy study. Although we do not
get any information from the unobservable system, the quantum state of the observable system
can be affected from the unobservable system due to the nontrivial quantum entanglement.
Assuming that the entire system is given by a pure state |Ψ〉 represented by the product of two
subsystem’s states [9, 10,18,34–36,45–47]
|Ψ〉 = |ψ〉o |ψ〉u , (5)
where |ψ〉o and |ψ〉u indicate the state of the observable and unobservable systems, respec-
tively. Then, the reduced density matrix of the observable system is given by tracing over the
unobservable part
ρo = Tr u |Ψ〉 〈Ψ| , (6)
and the entanglement entropy is described by the Von Neumann entropy
SE = −Tr o ρo log ρo. (7)
Although the entanglement entropy is conceptually well defined in a quantum field theory, it
is not easy to calculate it in general cases. Recently, Ryu and Takayanagi have proposed a
new method called the holographic entanglement entropy [9, 10]. According to the AdS/CFT
correspondence, the entanglement entropy can be easily evaluated by calculating the minimal
surface area extended to the dual geometry. Following the holographic proposition, we will
discuss the entanglement entropy of the expanding system in (4).
3 Entanglement entropy on the expanding system
Until now, we have discussed about the entanglement entropy between the observable and
unobservable systems. However, it is not still clear how we can divide the observable and
unobservable systems. One simple choice is to take a constant θo. Under this simple ansatz,
the sizes of the two subsystems gradually increases as time goes on. The set-up with a constant
θo may be useful to describe an expanding material or to figure out the entanglement entropy
of a time-dependent subsystem. On the other hand, it is also interesting to take into account
the time-dependent θo. In this section, we first investigate the entanglement entropy defined by
a constant θo and then discuss further the entanglement entropy in the inflationary cosmology
with a time-dependent θo in the next section
For simplicity, let us first consider the d = 2 case which can give us a solvable toy model.
For d = 2, the dual geometry reduces to the three-dimensional AdS space
ds2 = dρ2 + sinh2
( ρ
R
)[
−dt2 +R2 cosh2
(
t
R
)
dθ2
]
. (8)
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If we focus on the boundary space of this AdS space with a fixed ρ, the boundary metric has the
form of the cosmological type metric depending on time. In order to describe the entanglement
entropy on the time-dependent background, we assume that the observable system is in the
range of
−θo
2
≤ θ ≤ θo
2
. (9)
In this section, we regard θo as a constant as mentioned before. Then, ±θo/2 correspond
to two boundaries of the observable system. Since we took the constant θo, the size of the
observable system expands. More precisely, the size of the observable system is given by
sinh(Λ/R) cosh(t/R)Rθo at the AdS boundary denoted by ρ = Λ. This shows that the size
of the observable system increases by cosh(t/R). Since cosh(t/R) is invariant under the time
reversal, from now on we take into account only the non-negative time period, 0 ≤ t <∞. This
implies that the observable system begins the expansion at t = 0. If we take Λ as an infinity,
it usually leads to a divergence. In the holographic set-up, this divergence is associated with
a UV divergence of the dual field theory and Λ is introduced to regularize the UV divergence.
If we take a finite but large energy scale for Λ, it may be associated with the energy scale at
which the expansion begins.
In order to get more physical intuition about the entanglement entropy on the time-
dependent geometry, let us consider several particular limits. We first define the turning point
as ρ∗ which corresponds to the minimum value extended by the minimal surface. In the case
with ρ∗/R  1, we can calculate the entanglement entropy analytically but perturbatively
even for higher dimensional cases. This parameter range corresponds to the UV limit and may
give rise to a good guide line to figure out physical implication for the numerical study. For
ρ∗/R 1, the entanglement entropy is governed by [48–52]
SE =
1
4G
∫ θo/2
−θo/2
dθ
√
ρ′2 +
R2
4
e2ρ/R cosh2 (t/R). (10)
Solving the equation of motion derived from it, θo at given t is determined by the turning point
θo =
4
eρ∗/R cosh(t/R)
. (11)
When θo and t are given, inversely, the turning point can also be regarded as a function of θo
and t
eρ∗/R =
4
θo
1
cosh(t/R)
. (12)
Note that t/R must not be large to obtain a large ρ∗/R. This fact implies that the approxi-
mation with ρ∗/R  1 is valid only in the early time. In addition, this result shows that the
turning point goes into the interior of the AdS space as time evolves.
Performing the integral of the entanglement entropy with the obtained solution, the resulting
entanglement entropy reduces to
SE =
[(Λ− ρ∗) +R log 2]
2G
. (13)
This result together with (12) shows that the entanglement entropy increases by t2 for t/R 1
SE ∼ R log θo + Λ−R log 2
2G
+
t2
4GR
. (14)
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If t/R > 1, on the other hand, it increases linearly in time
SE ∼ R log θo + Λ− 2R log 2
2G
+
t
2G
. (15)
Now, let us take into account a more general case without the constraint ρ∗/R  1. The
general form of the entanglement entropy reads from (8)
SE =
1
4G
∫ θo/2
−θo/2
dθ
√
ρ′2 +R2 sinh2(ρ/R) cosh2(t/R). (16)
After solving the equation of motion, performing the integral gives rise to
θo
2
=
∫ ∞
ρ∗
dρ
sinh (ρ∗/R)
R cosh(t/R) sinh(ρ/R)
√
sinh2(ρ/R)− sinh2 (ρ∗/R)
=
1
cosh(t/R)
[pi
2
− arctan (sinh(ρ∗/R))
]
. (17)
Rewriting it leads to the following relation
sinh(ρ∗/R) = cot
(
θo cosh(t/R)
2
)
, (18)
which reproduces the previous result in (12) for ρ∗/R  1. In general case, the resulting
entanglement entropy reads
SE =
Λ
2G
+
R log
[
sin
(
1
2
θo cosh(t/R)
)]
2G
. (19)
When θo cosh(t/R)  1, this result again reproduces the previous ones obtained in the early
inflation era.
It is worth noting that the resulting entanglement entropy is well defined only in the time
range of 0 ≤ t < tf , where tf satisfies θo cosh(tf/R) = 2pi. After this critical time tf , the loga-
rithmic term of the entanglement entropy is not well defined. Now, let us define an additional
critical time tm satisfying θo cosh(tm/R) = pi. At this critical time (t = tm), the observable and
unobservable systems have the same size. In this case, the turning point is located at ρ∗ = 0
and the entanglement entropy has a maximum value, SE = Λ/(2G). Near tm (t < tm), the
entanglement entropy approaches this maximum value slowly by −(tm − t)2
SE ≈ Λ
2G
− θ
2
o sinh
2 (tm/R)
16GR
(tm − t)2 +O
(
(tm − t)4
)
. (20)
From these results, we can see that the entanglement entropy of the observable system increases
by t2 in the early time and saturates the maximum value at a finite time tm. After tm, the en-
tanglement entropy rapidly decreases as shown in Fig. 1. As a consequence, we can summarize
the entanglement entropy of an one-dimensional expanding system as follows
• In the early time with ρ∗/R 1 and t/R 1, the entanglement entropy increases by t2.
• In the intermediate era with ρ∗/R 1 and t/R > 1, the entanglement entropy increases
linearly as time evolves.
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Figure 1: We take  = 1/1000, R = 100, θo = 1/10 and G = 1.
• In the late time with ρ∗/R ∼ 0 and t ≈ tm, the entanglement entropy slowly increases by
−(tm − t)2 and finally saturates the maximum value at t = tm.
• After tm, the entanglement entropy rapidly decreases.
In Fig. 1, we plot the exact entanglement entropy given in (19), which shows the time depen-
dence expected by the analytic calculation in several particular limits.
It has been well known that the entanglement entropy of a two-dimensional CFT dual to
an AdS3 has a logarithmic divergence and its coefficient is proportional to the central charge
of the dual CFT [9, 10]. However, the above result for AdS3 with the dS2 boundary shows a
linear divergence (∼ Λ) instead of the logarithmic one. This is because the coordinate used in
this work is different from the one usually used in Ref. [9, 10, 40]. To see this, let us introduce
a new coordinate
sinh(ρ/R) =
R
z
. (21)
Then, the three-dimensional AdS metric in (8) can be rewritten as
ds2 =
R2dz2
z2(1 + z2/R2)
+
R2
z2
[−dt2 +R2 cosh2(t/R) dθ2] , (22)
where the boundary is located at z = 0. In the UV limit (z → 0) with t/R  1, the
new coordinate is related to the original one by eρ/R ∼ R/z and the above metric is further
simplified to
ds2 ≈ R
2dz2
z2
+
R2
z2
[
−dt2 + R
2
4
dθ2
]
, (23)
which is locally equivalent to the AdS space in the Poincare patch. Thus, the linear divergence
appearing in (19) can be reinterpreted as a logarithmic one in the new coordinate system,
Λ/R = − log(/R), where  indicates the UV cut-off of the z-coordinate. As a result, the linear
divergence obtained here is consistent with the known logarithmic one up to the coordinate
transformation.
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3.1 On higher dimensional expanding observable system
Now, let us take into account higher dimensional cases with d ≥ 3. For convenience, we use
the new coordinate R/z = sinh(ρ/R). Then, the previous (d+ 1)-dimensional AdS metric can
be rewritten as
ds2 =
R2dz2
z2(1 + z2/R2)
+
R2
z2
[−dt2 +R2 cosh2(t/R) (dθ2 + sin2 θdΩ2d−2)] , (24)
where the boundary is located at z = 0. On this background, the holographic entanglement
entropy is governed by
SE =
Ωd−2R2d−3 cosh
d−2(t/R)
4G
∫ θo
0
dθ
sind−2 θ
zd−1
√
z′2
1 + z2/R2
+R2 cosh2(t/R), (25)
where we take the range of θ as 0 ≤ θ ≤ θo instead of −θo/2 ≤ θ ≤ θo/2. Varying this action
at a given time, the configuration of a minimal surface is determined by the highly nontrivial
differential equation. Since it does not allow us to write an analytic solution, the numerical
study is inevitable for a higher dimensional theory. However, if we focus on the early time
behavior of the entanglement entropy, we can find a perturbative and analytic solution and
gain more intuitions. In this section, we first study analytically the entanglement entropy in
the early time and then look into the time evolution of the entanglement entropy numerically.
Now, let us discuss the entanglement entropy of the observable system in the early time
with t/R  1. We first assume that the observable system is very tiny in the early time.
Then, we can take θo  1. In this case, the minimal surface is extended only to the UV region
represented as 0 ≤ z ≤ z∗ with z∗/R  1. This is because z∗/R is usually proportional to θo
at t = 0, as will be seen. Due to the small size of the observable system, the AdS metric in the
early time can be well approximated by
ds2 ≈ R
2dz2
z2(1 + z2/R2)
+
R2
z2
[−dt2 +R2 cosh2(t/R) (dθ2 + θ2dΩ2d−2)] . (26)
On this background, the entanglement entropy is given by
SE =
Ωd−2R2d−3 cosh
d−2(t/R)
4G
∫ θo
0
dθ
θd−2
zd−1
√
z′2
1 + z2/R2
+R2 cosh2(t/R). (27)
In order to find a perturbative solution satisfying z/R ≤ z∗/R  1, we introduce a small
parameter λ for indicating the smallness of the solution. Then, the perturbative expansion of
the solution can be parametrized as
z(θ) = λ
(
z0(θ) + λz1(θ) + λ
2z2(θ) + · · ·
)
. (28)
When varying this perturbative solution with respect to θ, it is worth noting that the derivative
of the solution, z′(θ), must be expanded as
z′(θ) = z′0(θ) + λz
′
1(θ) + λ
2z′2(θ) + · · · . (29)
This is because θ has the same order of z/R in the early time. Before performing the explicit
calculation, let us think about the parity transformation, z → −z and θ → −θ. Under this
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parity transformation, we can easily see that the metric in (26) and the entanglement entropy
are invariant. If we transforms λ → −λ instead of zn in (28), only z2n terms give rise to the
consistent transformation with z → −z. Due to this reason, the z2n+1 terms automatically
vanish. As a consequence, we can set z1(θ) = 0 without loss of generality.
At leading order of λ, the entanglement entropy is given by
S0 =
Ωd−2R2d−3 cosh
d−2(t/R)
4G
∫ θo
0
dθ
θd−2
zd−10
√
z′20 +R2 cosh
2(t/R). (30)
In a higher dimensional theory unlike the d = 2 case, the entanglement entropy relies on θ
explicitly. Thus, there is no well-defined conserved quantity unlike the d = 2 case. This fact
implies that we must solve the second order differential equation to obtain the entanglement
entropy. At leading order, the minimal surface configuration can be determined by solving the
equation of motion derived from S0
0 =
2 cosh2(t/R)θz0z
′′
0
R2
+
2(d− 2)z0z′30
R4
+
2(d− 1) cosh2(t/R)θz′20
R2
+
2(d− 2) cosh2(t/R)z0z′0
R2
+ 2(d− 1) cosh4(t/R)θ. (31)
Despite the complexity of the equation of motion, it allows the following simple and exact
solution regardless of the dimension d
z0
R
= cosh(t/R)
√
θ2o − θ2. (32)
From this, we see that the turning point denoted by z∗ is proportional to θo, as mentioned
before,
z∗
R
= θo cosh(t/R). (33)
Note that this relation is derived from the leading order entanglement entropy. If we further
consider higher order corrections, the turning point can vary with some small corrections.
When a UV cut-off denoted by  is given, we can easily see from the background metric
that the volume of the observable system is given by
Vd−1 = Ωd−2R
2(d−1) coshd−1(t/R)
d− 1
θd−1o
d−1
, (34)
while the area of the entangling surface becomes
Ad−2(t) = Ωd−2R2(d−2) coshd−2(t/R) θ
d−2
o
d−2
. (35)
These formulae show that the area of the entangling surface increases by coshd−2(t/R) as time
evolves. At t = 0, in particular, the area reduces to
A¯d−2 = Ωd−2R2(d−2) θ
d−2
o
d−2
, (36)
which can be determined by two parameters,  and θo. In the holographic study, the minimal
surface is extended only to  ≤ z ≤ z∗, so that z∗ >  must be satisfied for consistency.
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Recalling further that z∗/R = θo at t = 0, we finally obtain θo > /R. This fact implies that,
when the expansion begins at t = 0, the observable system and the entangling surface have the
non-vanishing volume and area.
Now, let us consider the d = 3 case. Using the perturbative expansion discussed before, the
entanglement entropy is expanded into
SE = S0 + S2 + · · · , (37)
with
S0 =
Ω1R
3 cosh(t/R)
4G
∫ θo−θc
0
dθ
θ
z20
√
z′20 +R2 cosh
2(t/R),
S2 = −Ω1R
4 cosh(t/R)
8G
∫ θo
0
dθ
θ
[
z30z
′2
0 + 4R
2z2z
′2
0 − 2R2z0z′0z′2 + 4R4z2 cosh2(t/R)
]
R3z30
√
z′20 +R2 cosh
2(t/R)
,(38)
where we set λ = 1 and introduce θc as a UV cut-off in the θ-direction. In the second integral,
θc was removed because it does not give any additional UV divergence. Substituting the
leading order solution in (32) into S0 and performing the integral, we finally obtain the leading
contribution to the entanglement entropy
S0 =
Ω1R
2
√
θo
4
√
2G
√
θc
− Ω1R
2
4G
. (39)
The first correction caused by z2(θ) is determined by the following differential equation
0 = z′′2 +
(θ2o − 2θ2)
θ (θ2o − θ2)
z′2 −
2θ2o
(θ2o − θ2) 2
z2 + 2R
√
θ2o − θ2 cosh3(t/R). (40)
This equation allows an exact solution
z2 = c2 −
c2θo tanh
−1
(√
θ2o−θ2
θo
)
√
θ2o − θ2
+
6c1 + (θ
4 − 4θ2oθ2 + 3θ4o + 4θ4o log θ)R cosh3(t/R)
6
√
θ2o − θ2
, (41)
where c1 and c2 are two integral constants. These two integral constants must be fixed by
imposing two appropriate boundary conditions. The natural boundary conditions are z2(θo) = 0
and z′(0) = 0. The first conditions implies that the end of the minimal surface is located at
the boundary, while the second constraint is required to obtain a smooth minimal surface at
θ = 0. These two boundary conditions determine two integral constants to be
c1 = −2θ
4
oR log θo cosh
3(t/R)
3
,
c2 = −2θ
3
oR cosh
3(t/R)
3
. (42)
Substituting the found perturbative solutions again into S2, the first correction to the entan-
glement entropy is given by
S2 = −5θ
2
oΩ1R
2 cosh2(t/R)
36G
. (43)
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Above the regulator θc is usually associated with the regulator  in the z-direction. Using
the perturbative solution we found, θc can be represented as a function of 
θc =
2
2θoR2 cosh
2(t/R)
− 2
3
9R3 cosh(t/R)
+O(4) (44)
As a consequence, the resulting perturbative entanglement entropy leads to
SE =
θoΩ1R
3 cosh(t/R)
4G
− Ω1R
2
(
θ2o cosh
2(t/R) + 3
)
12G
+O () . (45)
Recalling the formula in (36), this entanglement entropy can be rewritten as
SE =
A1(t)R
4G
− Ω1R
2
(
θ2o cosh
2(t/R) + 3
)
12G
+O () , (46)
where A1(t) indicates the area of the entangling surface at a given time t. The leading contribu-
tion to the entanglement entropy, as expected, satisfies the area law even in the time-dependent
space. Expanding it further in the early time, the entanglement entropy leads to
SE =
A¯1R
4G
− Ω1R
2
4G
− θ
2
oΩ1R
2
12G
+
( A¯1
8GR
− θ
2
oΩ1
12G
)
t2 +O (t4) , (47)
where A¯1 = A1(0). This result shows that the entanglement entropy in the early time increases
by t2
SE(t)− SE(0) ≈
( A¯1
8GR
− θ
2
oΩ1
12G
)
t2. (48)
It also shows that the increase of the entanglement entropy is proportional to the area of the
entangling surface at leading order.
In order to see the entanglement entropy in the late time, we must go beyond the per-
turbative expansion. After finding a numerical solution satisfying (31), we investigate how
the corresponding entanglement entropy increases in time. In Fig. 2, we depict the value of
SE/ (R
2 cosh(t/R)) and its time derivative. In Fig. 2(a), the value of SE/ (R
2 cosh(t/R)) ap-
proaches a constant in the late time. This fact becomes manifest in Fig. 2(b), where the time
derivative of SE/ (R
2 cosh(t/R)) approaches zero in the late time. Consequently, we can see
that the entanglement entropy increases exponentially (SE ∼ et/R) in the late time (see Fig.
3).
Repeating the same calculation for d = 4, the entanglement entropy of the d = 4 observable
system, similar to the d = 3 case, increases by t2 in the early time and exponentially grows
in the late time. In the late time, the increment of the entanglement entropy is proportional
to SE ∼ et/R for d = 3 and SE ∼ e2t/R for d = 4 which becomes manifest in Fig. 4. These
results imply that the entanglement entropy of the expanding observable system increases by
t2 in the early time regardless of d and in the late time grows by SE ∼ e(d−2)t/R for a general
d. For the black hole formation corresponding to the thermalization of the dual field theory,
the entanglement entropy usually increases by t2 in the early time similar to the expanding
observable system. However, in the late time of the thermalization the entanglement entropy
is saturated and becomes a thermal entropy, while the entanglement entropy of the expanding
observable system increases exponentially in the late time.
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Figure 2: We take  = 1/1000, R = 100, θo = 1/20 and G = 1.
100 200 300 400 500
t0
1000
2000
3000
4000
5000
6000
SE/R2
Figure 3: We take  = 1/1000, R = 100, θo = 1/20 and G = 1 .
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Figure 4: We take  = 1/1000, R = 100, θo = 1/20 and G = 1.
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4 Entanglement entropy of the visible universe in the
inflationary cosmology
In the previous section, we studied the quantum entanglement of the expanding observable
system which is described by the constant θo. In this section, we investigate the entanglement
entropy of the visible universe in the inflationary cosmology. In an inflationary model, there
exists a natural way to divide the entire universe into two parts. Because of the growing scale
factor in the inflationary model, there exists an invisible universe which we cannot see forever.
On the other hand, the universe we can see is called the visible universe and the boundary
of the visible universes is called cosmic event horizon which corresponds to the border of the
visible and invisible universes. In this case, the invisible universe is casually disconnected from
us. Due to the existence of the natural border of two universes in the inflationary model, it
would be interesting to study the quantum correlation between them. In this section, we will
investigate such an entanglement entropy for a four-dimensional inflationary cosmology.
Let us first define cosmic event horizon as the boundary of the visible universe. From (24)
for d = 4, the boundary metric reads at z = 
ds2B =
R2
2
[−dt2 +R2 cosh2(t/R) (dθ2 + sin2 θdΩ2d−2)] , (49)
which describes R+ × S3. In order to interpret the boundary metric as the cosmological one,
we introduce a cosmological time τ and Hubble constant H such that
τ =
R

t and H =

R2
. (50)
Then, the boundary metric reduces to the one representing an inflationary cosmology
ds2B = −dτ 2 +
cosh2(Hτ)
H2
(
dθ2 + sin2 θdΩ2d−2
)
, (51)
where the scale factor is given by a(τ) = cosh(Hτ)/H. Due to the nontrivial scale factor, the
distance travelled by light is restricted to a finite region whose boundary by definition corre-
sponds to cosmic event horizon. More precisely, cosmic event horizon in the above cosmological
metric is determined by
d(τ) = a(τ)
∫ ∞
t
c dτ ′
a(τ ′)
=
[
pi
2
− 2 arctan
(
tanh
Hτ
2
)]
coshHτ
H
, (52)
where the light speed was taken to be c = 1. In Fig. 5(a), we plot how cosmic event horizon
changes as the cosmological time τ evolves. In the early inflation era, cosmic event horizon
decreases as time goes on, whereas it approaches a constant value 1/H in the late inflation era
which is a typical feature of the dS space.
The existence of cosmic event horizon indicates that the visible universe, the inside of cosmic
event horizon, is casually disconnected from the invisible universe, the outside of cosmic event
horizon [53–56]. In other words, if we are at the center of the visible universe, we can never
receive any information from the invisible universe. Even in this situation, there can exist a
nontrivial quantum correlation between them, which can be measured by the entanglement
entropy. From the viewpoint of the entanglement entropy, cosmic event horizon naturally plays
a role of an entangling surface which divides a system into two subsystems. Therefore, it would
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Figure 5: cosmic event horizon relying on the cosmological time τ where we take H = 1.
be interesting to investigate the entanglement entropy of the inflationary cosmology to know
how the our visible universe is quantumly correlated to the invisible universe we cannot see
forever.
To go further, let us re-express cosmic event horizon in terms of the angle appearing in the
AdS space. For distinguishing cosmic event horizon from the previous expanding entangling
surface parametrized by θo, we use a different symbol θv which is given by a function of τ
unlike θo. Assuming that we are at the north pole of the three-dimensional sphere denoted by
θ = 0, our visible universe can be characterized by 0 ≤ θ ≤ θv. In this case, the radius of the
entangling surface is determined from the AdS metric
l =
∫ θv
0
dθ
coshHτ
H
=
θv coshHτ
H
. (53)
Because the radius of the entangling surface must be identified with cosmic event horizon, the
comparison of them determines θv as a function of the cosmological time
tan
(
pi
4
− θv
2
)
= tanh
Hτ
2
. (54)
This result shows that θv start with pi/2 at τ = 0 and gradually decreases to 0 at τ =∞ with
a fixed subsystem size l. In the late inflation era, cosmic event horizon becomes a constant
independent of the cosmological time, d(τ) = 1/H. In Fig. 5(b), we plot θv relying on the
cosmological time. In this figure, θv starts from pi/2 at τ = 0 and monotonically and rapidly
decreases to 0 as the cosmological time goes on.
By using θv we found, it is possible to calculate holographically the entanglement entropy
of the visible universe. Before performing the calculation, it is worth noting that the cosmo-
logical time and the Hubble constant are defined only at the boundary. The minimal surface
corresponding to the entanglement entropy of the visible universe is extended to the bulk of the
dual geometry, so that we cannot exploit the definition of τ and H in the course of calculating
the area of the minimal surface. After the calculation, however, we can replace t and  with τ
and H through (50). This is because the resulting area of the minimal surface represents the
entanglement entropy defined at the boundary at which τ and H are well defined.
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4.1 Entanglement entropy at τ = 0
For simplicity, let us first consider the entanglement entropy at τ = 0. Using the relation in
(50), τ = 0 implies t = 0 regardless of . For d = 4, the holographic entanglement entropy
formula is given by (25) with t = 0 and θv instead of θo. If we alternatively take into account
θ as a function of z, the corresponding entanglement entropy in the inflationary model can be
rewritten as
SE =
Ω2R
5
4G
∫ ∞

dz
sin2 θ
z3
√
R2θ˙2 +
1
1 + z2/R2
, (55)
where the dot indicates a derivative with respect to z. Deriving the equation of motion from
this action, it allows a specific solution which satisfies θ˙ = 0 and furthermore θ = ±pi/2. This
solution indicates an equatorial plane of S3. Performing the above integral with this equatorial
plane solution, we finally obtain
SE =
Ω2R
5
4G
(
1
22
− 1
2R2
log
2R

+
1
4R2
)
. (56)
If we interpret  as the UV cut-off, this result shows the power-law divergence together with
the logarithmic divergence, as expected in the entanglement entropy calculation for d = 4.
Rewriting  in terms of H by using (50), we finally obtain the following entanglement entropy
at τ = 0
SE =
Ω2R
8GH2
− Ω2R
3
8G
log
2
HR
+
Ω2R
3
16G
. (57)
4.2 Entanglement entropy in the late inflation era
In the inflationary cosmology unlike the previous expanding system, the perturbative calcula-
tion of the entanglement entropy is possible in the late inflation era because θv becomes small at
large t or τ . In the late inflation era we can apply the previous perturbative expansion of z. Us-
ing the perturbation of z, the leading contribution and the first correction to the entanglement
entropy are given by
S0 =
Ω2R
5 cosh2(t/R)
4G
∫ θv−θc
0
dθ
θ2
z30
√
z′20 +R2 cosh
2(t/R), (58)
S2 = −Ω2R
6 cosh2(t/R)
8G
∫ θv−θc
0
dθ
θ
(
z30z
′2
0 + 6R
2z2z
′2
0 − 2R2z0z′0z′2 + 6R4z2 cosh2(t/R)
)
z40R
3
√
z′20 +R2 cosh
2(t/R)
.
Note that unlike the d = 3 case, the upper limit of the integral range in S2 has θc. This
is because we need to reintroduce θc to regularize an additional divergence appearing in S2
for d = 4. Substituting the leading solution in (32) into S0, we obtain the following leading
contribution to the entanglement entropy
S0 =
θvR
3Ω2
16Gθc
− Ω2R
3
16G
log
2θv
θc
− Ω2R
3
32G
. (59)
In this result, we can see that, when θc → 0, the leading contribution leads to the expected
power-law and logarithmic divergences for d = 4.
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Now, let us consider the deformation of the minimal surface described by z2, which is
governed by the following differential equation
0 = z′′2 +
2
θ
z′2 −
3θ2v
(θ2v − θ2) 2
z2 +
(3θ2v − 2θ2)R cosh3(t/R)√
θ2v − θ2
. (60)
This equation allows us to find the following exact solution
z2 =
c1 (θv − θ)2
θ
√
θ2v − θ2
+
c2√
θ2v − θ2
+
(θ5 − 5θ2vθ3 − 2θ3vθ2 − 2θ4vθ − 2θ5v)R cosh3(t/R)
6θ
√
θ2v − θ2
+
{(θv + θ) 2 log (θv + θ)− (θv − θ) 2 log (θ0 − θ)} θ3vR cosh3(t/R)
2θ
√
θ2v − θ2
, (61)
where c1 and c2 are two integration constants. Imposing two boundary condition, z2(θv) = 0
and z′(0) = 0 discussed in the previous section, c1 and c2 are determined to be
c1 =
θ3vR cosh
3(t/R)
3
,
c2 =
θ4vR cosh
3(t/R) [5− 6 log(2θv)]
3
. (62)
Substituting the obtained solutions into S2 again and performing the integral result in
S2 = −3θ
2
vΩ2R
3 cosh2(t/R)
32G
log
2θv
θc
+
11θ2vΩ2R
3 cosh2(t/R)
64G
. (63)
When θc → 0, it shows that the first correction gives rise to an additional logarithmic divergence
unlike the known entanglement entropy.
From the solutions obtained perturbatively, θc is determined in terms of 
θc =
2
2θvR2 cosh
2(t/R)
+
4
8θ3vR
4 cosh4(t/R)
+
4
48θvR4 cosh
2(t/R)
− 
4
4θvR4 cosh
2(t/R)
log
2θvR cosh(t/R)

+O (6) . (64)
Using this relation, the resulting entanglement entropy leads to
SE =
RA2(t)
8G
− Ω2R
3
16G
log
4A2(t)
Ω2R2
− Ω2R
3
16G
+
θ2vΩ2R
3 cosh2(t/R)
6G
− θ
2
vR
3Ω2 cosh
2(t/R)
16G
log
4A2(t)
Ω2R2
, (65)
where the area of cosmic event horizon is given by
A2(t) = θ
2
vR
4Ω2 cosh
2(t/R)
2
. (66)
Replacing t and  by τ and H by using (50), θv and the area of cosmic event horizon in the late
inflation era (Hτ  1) are approximated by
θv ≈ 2e−Hτ ,
A2(τ) ≈ Ω2
H2
. (67)
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Figure 6: We take  = 1, R = 1 and G = 1 for simplicity.
As a result, the entanglement entropy of the visible universe in the late inflation era leads to
the following expression
SE ≈ Ω2R
8GH2
− Ω2R
3
4G
log
2
RH
+
5Ω2R
3
48G
. (68)
This result shows that the entanglement entropy of the visible universe in the late inflation
era is time-independent and determined by the Hubble constant and the area of cosmic event
horizon. This is because cosmic event horizon remains as a constant in the late inflation era.
The change of the entanglement entropy during the inflation era is given by
∆SE ≡ SE(∞)− SE(0) = −Ω2R
3
8G
log
2
RH
+
Ω2R
3
24G
, (69)
where the result in (57) was used. Since HR = /R 1, ∆SE always becomes negative. This
indicates that the quantum correlation between the visible and invisible universes decreases
with time. In Fig. 6, we plot how the entanglement entropy of the visible universe changes
as the cosmological time goes on. As expected by the perturbative and analytic calculation,
the entanglement entropy gradually decreases and finally approaches a constant value after an
infinite time.
5 Discussion
In this work, we have studied the quantum entanglement entropy of the expanding system
and the inflationary universe. In order to take into account the expanding system and universe
holographically, we considered an AdS space whose boundary is given by a dS space. In order to
describe the quantum entanglement on the expanding system and space, we have investigated
the holographic entanglement entropy of a subsystem on the boundary of the AdS space.
In this model, we took two different subsystems. One of them corresponds to an expanding
system in which we determined the subsystem size with a fixed θo. In this case, since the volume
of the boundary space increases with the cosmological time, the subsystem size also increases.
In the early time era, we found that the entanglement entropy of an expanding system increases
by t2 regardless of the dimensionality of the system. In the late time era, on the other hand,
we showed that, when the boundary of the AdS space expands with the expansion rate of eHt,
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the increase of the entanglement entropy of a d-dimensional system is proportional to e(d−2)t
for a d-dimensional space-time.
For a dS space, there is an important length scale called cosmic event horizon. If an observer
is at the center of a dS space, he cannot see the outside of cosmic event horizon even after
the infinite time evolution. In other words, the observer at the center of dS can never get any
information from the outside of cosmic event horizon. From the quantum information viewpoint,
cosmic event horizon like a black hole horizon resembles the entangling surface dividing a total
system into two subsystems. In the present model, cosmic event horizon starts with θv = pi/2 at
τ = 0 and eventually approaches θv = 0 at τ =∞ with a fixed θveHτ . In the late inflation era,
cosmic event horizon is given by the inverse of the Hubble constant, d(∞) = 1/H. We showed
that the entanglement entropy of the visible universe in the inflationary cosmology decreases
continuously as time evolves and that it finally approaches a finite value independent of the
cosmological time.
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